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A critical behavior of fluids composed of polar diatomic molecules is studied by the use of the Ornstein—
Zernike (OZ) theory of critical phenomena extended to the interaction site model. Firstly, the asymptotic forms
of the atom-atom direct correlation functions c,(r) for the polar fluids at large separation are obtained,
which are valid off the critical point. Then, the OZ hypothesis that the asymptotic forms of c,,(r) do not
change near and at the critical point is examined, and the critical behavior of the total correlation function is

investigated.

It is found to be completely analogous to the case of simple fluids.

The relation between

the OZ hypothesis and some integral equation theories is also discussed.

Properties of polar fluids are extensively explored
on the basis of the interaction site model.1-®
Recently, a phase diagram of the polar hard dumb-
bell fluid was obtained by the use of the interaction
site approximation (ISA) of RISM-1, and the exis-
tence of the critical point was shown in the phase
diagram.? It is interesting to investigate the behavior
of the atom-atom pair correlation function near and
at the critical point. In the case of simple fluids, it
has been found that the Ornstein-Zernike (OZ) theory
of critical scattering gives qualitatively correct
results. An extension of the OZ theory to the
primitive model of ionic fluids was performed, and
the theory showed that the critical behavior of the
pair correlation function of the ionic solutions is
similar to that of simple fluids.®

In this paper, we attempt to extend the OZ theory
to the interaction site model and to analyze the
critical behavior of the atom-atom pair correlation
function. of polar fluids by using the OZ theory. In
the next section, the asymptotic forms of the
atom-atom direct correlation function at large
separation are obtained, which is valid off the critical
point. In the last section, the critical behavior of the
atom-atom pair correlation function is investigated
under the assumption that the atom-atom direct
correlation function near and at the critical point is
similar in its form to the obtained asymptotic
formula.

The Asymptotic Forms of the Atom-Atom Direct
Correlation Functions.

The system considered is a fluid composed of polar
diatomic molecules whose bond length is I. The
charges +q and —q are sited on the centers of atoms
of the molecule. The total potential energy of the
fluid is assumed to be the sum of all intermolecular
interactions. The intermolecular interaction between
the i-th and j-th molecules is given by

UGj) = 3 3 g, (Iri =i ), M

where uay(lr;‘—r}’|) is the interaction potential between
the a-th atom of the i-th molecule and the y-th atom
of the j-th molecule. r¢ denotes the position of the
a-th atom of the i-th molecule. The atom-atom
interactions are given as

Uy, (1) = us™(r) + Zﬂ“—:}:, (2

where ¢, is the dielectric constant of the vacuum.
ws(r) is the short-range part of the potential
including the repulsive and the dispersion forces.’
For simplicity, we assume that the short-range part of
the potential is independent of « and y.

The site-site Ornstein-Zernike (SSOZ) equation in
Fourier transform space is given as

k= acao + pwch, ()

where p is the number density of molecules and it, 2,
and w are matrices of Fourier transforms of the
atom-atom total correlation function hu(r), the
atom-atom direct correlation function c4(r), and the
intramolecular pair correlation function we(r), re-
spectively. The Fourier transform of wg(r) is

~ sin kl
war(k) = 6ar + (l_‘sar) kl ’ (4)

where 68,, is the Kronecker delta. Here, we introduce
the total correlation function of the center of atoms
hy(r) and the total correlation function of charges
ha(r), which are defined as

h(r) = {his(r) + hi(r)}/2, (5)
and

ha(r) = {hss(r) — hs—(r)}/2. (6)

c(r) and cy(r) are also defined in a similar manner.
Then, the matrix equation Eq. 3 separates into two
scaler equations as follows,

Fo(k) = (1+w)%(k) + 20(1+ @)es(R)Rs(k), ™
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and
Fa(k) = (1—0)%4(k) + 20(1 —o)ea(k)Ra(k), (8)

where w=sinkl/kl. From Eqs. 7 and 8, we have

- hs(k)

(k) = = —, 9

“ = ey 200 0)hb ©
and

wak) = ha(k) (10)

(1—w)2+20(1 —w)hy(k)

For polar fluids, an asymptotic form of h,(r) at
large 7 off the critical point is4:9

hy (r) = + 0(r-%), (11)

r8 + r?
where E and F are constants independent of the
indices @ and . From Eq. 11, the small k expansion
of the Fourier transform of h.(r) is expressed as

Ry, (k) = Bes + Rs. (12)

reg sing

The regular term A%# and the singular term 7L,,7 are
given by

B = R(0) + K + R4S + O(KY), (13)
and
Hos = BB 4+ FRInk + OF), (1)

where E’, and F’ are constants independent of indices
a and . In Eq. 13, we use the fact that h,(0) is
independent of indices & and y. By inserting Egs.
12—14 into Eqgs. 5 and 6, we have

Fy(k) = Reee 4+ Foos, (15a)

Fes = k() + K + kAP + O(RY), (15b)

B = E'R + F'iInk + O(KS), (15¢)
and

(k) = Fire 1 s, (16a)

s = RAQ + AP + O(hY), (16b)

s — o(k). (16c)

By inserting Eqgs. 15 and 16 into Eqgs. 9 and 10, and
by expanding the right hand side of Egs. 9 and 10, we
can obtain a small k& expansion of ¢(k) and C4(k).
The results are as follows,

Go(k) = G784 gitns,

~

' =6 + k%P + ke + O(kY),

(17a)
(17b)
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G — CR 4 DR Ink + O(KS), (17¢)
and

Y

ca(k) = e Tt O(k), (18)

where ¢0=h(0)/4(1+ph(0)), C’=E’/4(1+ph(0)), D’=
F'/4(1+ph(0)) and

364

T BEr12069) (19)

Thus, the asymptotic forms of ¢(r) and cy(r) off the
critical point are given as

o) = 4 2t o), (20)

and

A
~— 1), 21
ca(r) o o(r) (21)
h4a@ is expressed in terms of the dielectric constant &
ast-9

2 —
aghp = 2 (f..ﬁ’_ — 3), (22)

90\ e

where u=gql! is the magnitude of the dipole moment
of molecules, y=pu2/9¢oksT, kg the Boltzmann
constant and T the absolute temperature. Thus, we
have

_ 3ye—etgy q®

Sy(e—ey) ehal (23)

Equations 20 and 21 are the result of this section.
The first term of Eq. 21 with Eq. 23 was already
given in a different way.? Equation 20 and the
second term of the right hand side of Eq. 21 are new
results.

The Critical Behavior of Correlation Functions.

Here, we set up the hypothesis of the OZ theory for
the system considered in this paper by assuming that
the asymptotic forms of the atom-atom direct
correlation function does not change near and at the
critical point. Thus, the asymptotic forms near and
at the critical point are given as

c(r) = O(r¢), (24a)
and
~ A O 4
ca(r) = Tnr + O(r ). (24b)
We define a new function c,(r) by
Ce(r) = cq(r) — Tnr” (25)
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From Eq. 24b, ¢ (r)=O(r*) as r—oo. Then, the
Fourier transforms of ¢,(r) and c.(r) can be expressed
as

cy(k) = ¢ + k%D + O(k3), (26)
and
co(k) = ¢ + O(k), (27)
where ¢,@, ¢, @ and ¢, are expressed as follows:
c® = f ¢s(r)dr,
¢ = ——l— f r%4(r)dr,
6
and
e = fce(r)dr.
The compressibility equation is
phsTer = 1 + pk(0), (28)

where «; is the isothermal compressibility of the
fluid. This equation shows that in the approach to
the critical point k(0) tends to infinity. Thus, from
Eq. 9, we have

o = 6 (0) — 1/(4p.), (29)

where p_ is the number density at the critical point.
This result confirms that ¢,© is analytic at the critical
point. However, the analyticity of ¢,@ and ¢.@ is not
verified in general. Thus, the present OZ hypothesis
for this system is expressed mathematically as
follows: ¢,@ and ¢, @ are analytic near and at the
critical point.
From Egs. 7 and 8, we have

(1+ @)%, (k)

hy(k) = e,
1—-2p(1+ @)y (k)

(30)

and

(1— )%, (k)

Ry(k) = ——120 7
1-2p(1 —w)eq(k)

(31

By inserting Eqgs. 26 and 27 together with Eq. 23 into
Eqgs. 30 and 31, we have

460 + (46 — 22V [3) k2 4 ..
(1—4pc®) + (o3 —4pcP)k2+ -

hy(k) = (32)

and
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(AB/36)K2+ .-

") = Byefe e~ (oP ) e PO

(33)

By taking Eq. 30 into consideration, the compress-
ibility equation Eq. 28 can be expressed as

1 — 4pc” = (pkgTkr)™! = K2/K, (34)

where «§=(pksT)-! is the isothermal compressibility of
the ideal gas. Equation 34 shows that (1—4pc,©)3:0
off the critical point. Thus, the asymptotic forms of
hs(r) and hq(r) off the critical point obtained from the
Egs. 32 and 33 return to Eq. 11. However, since
(1—4pc,©@)—0 with the approach to the critical point,
we obtain from Eq. 32.

® 1
hy(r) = n(pPc®[3—4pc®) '7’°XP(_°"), (35)
and
\/ i 0 36
=N pBOB—4pc> T (36)

Thus, we find that hy(r) becomes a long-range
function, that is, hy(r)~O(r!) in the vicinity of the
critical point. On the other hand, it is found from
Eq. 33 that the asymptotic form of hq4(r) at large r
does not change at the critical point. This shows
that near and at the critical point the density
fluctuation diverges but the charge fluctuation
remains finite. Identifing the correlation length ¢
with a~!, we obtain the critical exponent relation
2v=y. v and y are defined as

K3k oc T (14--2),
and

§oxe?,

where é=|(T—T.)/T| and T-. is the critical tempera-
ture. These results are quite analogous with the case
of simple fluids, which is in accordance with the
prediction of Stell.1?

Let us consider the relation of the OZ theory with
integral equation theories. The ISA consists of the
SSOZ equation Eq. 3 and the ISA closure given by

hey(r)=—1, r1<a (37a)

ay
and

Car(r) = —tar (r)ksT, 1> 0,y (37b)

where o4, is the hard-sphere diameter of atoms. For
the fluid composed of polar hard dumb-bells with the
same diameter o, Eqs. 37a and 37b can be expressed
as
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h(r) = -1, r<eo
{ c(r) =0, r>o0 (38)
and
ha(r) =0, r<o
{ ca(r) = —q*/4neokpTr. r>a 39)

Thus, the ISA satisfies the OZ hypothesis introduced
in this section. Equations 7 and 38 becomes the PY-
like integral equation of RISM-111.12 for neutral hard
dumb-bell fluids (HDF), and so the quantity
(1—4pc,@) is the same as that of the solution of the
PY-like integral equation for HDF. Since the critical
point does not exist for HDF, no critical point can be
observed in the correlation function of the polar hard
dumb-bell fluids in the ISA. However, if the phase
behavior is investigated through the energy equation
instead of the compressibility equation, it is possible
to detect the critical point. In fact, Morriss and
Isbister showed the existence of the critical point
through the energy equation. The circumstances are
quite similar to the case of the restricted primitive
model of ionic solutions.® Since hy(r)3h(7)HDF in the
other approximations (for example, PY-like and
HNC-like approximations), the critical point will be
observed in the correlation function by using these
approximations. The critical behavior obtained
through these approximations will be different from
the result in this work, because these approximations
do not satisfy the OZ hypothesis presented here.

Appendix
The Critical Behavior of Nonpolar Fluids Composed
of Homonuclear Diatomic Molecules.

The critical point of nonpolar fluids composed of
homonuclear diatomic molecules was recently detected
through the compressibility equation by using the PY-like
integral equation of RISM-1.13

The asymptotic form of the atom-atom direct correlation
function for this system off the critical point is expressed
as?

c(r) = —u(r)/kgT ~ O(r=%). as r — o© (Al)
Hereafter, the indices @ and y are omitted, because the
atom-atom functions for this system are independent of the
indices. For this system, the OZ hypothesis is expressed as
follows: the first two coefficients of the small k expansion
of the Fourier transform of ¢(r) are analytic near and at the

critical point. Thus, we have
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c(k) = cO + k%O + ..., (A2)

where

¢ = fc(r)dr,

and

c®

il

——:;- f r%(r)dr.

Then, from the similar discussion described in the last
section, we have the same equations as Egs. 35 and 36 in
the approach to the critical point.

PY-like approximation for fluids interacting through the
short-range interaction satisfies the OZ hypothesis present-
ed in this appendix, and so it is found that the asymptotic
form of h(r) given by the PY-like approximation is
h(r)~O(r™?) at the critical point. On the other hand, HNC-
like approximation does not satisfy the OZ hypothesis, and
thus the critical behavior is different from that given by the
PY-like approximation. In fact, we have found that h(r)
decays as 72 in the HNC:-like approximation, which is the
same as that for simple fluids interacting through the
short-range interactions.!¥
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